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SOME BASIC DEFINITIONS 
 

 

Au – λu = 0 
 

 

 

 



 
F(u,λ) = 0 

 

 

 

 



FUNDAMENTAL TOOLS 
 

 

 



a 

C :2. <. O ~ 



IMPLICIT FUNCTION THEOREM 
 

 



DE.~INlTI ONS 

Le..t j be. l:~c.. 4ttt o~ ~oe ... t-; OV\ .e. 

oP 'r (LA ,, A) = o , ~ . "-. 

':J == { (LI, A) E Vx R / 'F(1.1, >-) = 01 
'!) A of ... ti on bAA~c..-h ~ a pa.l'-.a.*e..t"JU."::>e..ol 

v<.1)L~ -:f>"' {(u0},A(4)), ~€.AC R~ 
IHI~~ ):'~.._t :f> C .)1 fl• ,_(u(A), ).(4~ 

.Mt c:.. o,. r", n uou.s . 

oint 

;,j any ri c-t,:\h b ot.1A.h ooc:it ci~ ( u0 , }. 0 ) 

c...o~Q~n.s one.. Aoe"" t'ion wh: a...~ Joe.~ 

:3 v e: v, < e:" uu c uc. , Ac.) v1 \T :> = o 

'V \T E:. v. 



0 (&.ti 

)\ ------ I, 
I 

0 

I 
I 
I 
I 
I 

Uc. 

PROP051TION.S 

Le..t on ~ci'-'i~i~~L.IW> r~~P(tM 'f(u,~)=O~ 

V i V x R • V / ~'"''"-~ ·t~""t ( o, A) i.$ 

fiof u..ti Ot'I { (1t.- C.tt/ ~ , 

1.,:J j.~ '.F,'1.1(0. A) ...\!> On i.,St>W\°"f~:Swi oi 
V ~ C~ <.11 ( o ,, >..) ,;_~ r1 o t a b t f u)L.ca.:r~on 
fo~nt . 

2.) it ( o,, ).o) i,,s "" J..;,f u)Lc:.a~ i o tt po i.n !:, 

o~ 'P / ,,tf, &. 111 A 0 kV "~:. to 1:.h e. 

~re-0-l:)L'-LM of 'fu (o ~Ao)~ ~ . ct . 

'f: ( O, ).. 0 ) oloo 11 o l- -ti taVe.. a 



SPECTRAL ANALYSIS 
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L L 

• (E,e ( , '). . ' I >- e:J\f'"tf -t-A ~c.oe . t.(' ~ 
0 

E-1 U '' ........ . 1 l )' ,, / c. "-' =.. 0 

u , ( 0) :::. 0 / LI I ( L. ') = 0 

u (II( ) ::. C-Ol Q"f ')(. 
L-. 

~ -=. qrt. E1 
c. L" 

F ( e, >- ) = L ( e, >- ) + A- ( &, ;,, ) ,,.. o 

v--<U.. ~ L. ( ~~) = L(~) . S 

= Ej. 
11

+ ~S 

1t. ( , >- ) ~ -~ (~ .. e - e) 
= o-C_aer~) 



, '( ~(«,"i >..): L(>-.}.r-t PA(aU-r";'~) 

+ P(L().)- L(l-.c.))(c:.cU+l.1") 

iy ~ ('-' t V"r ~) = ){L(}..)(aU-t-\T)+Jt-("U+~>-)}U .i.ot 
0 



J... 
~ ~ RxU x.R-...... LI

J... .. 

"'...... ~·"' ( o / o~ >-..,_) - L(>-c.) 

Iv= ~c",)..) :=- ~("' "') + &-((>-->-.,)"2 

~/ L 

h _ h ( °'• >.) : )lL(>-)(aU ... ~) .. Jt.(,.u~~")}u J ... 
0 

L.. 

~ -~ ( ~' ).. ) = (" - ).. c.) " ) u t ok 
0 



• e: ( e, >.) :. E,9 & (e, >. .. ) 

t-(>-- )-.._) j).. E,ee(e,>-~) 
~ 

+ E,eeee ( e, ~c.) .... t . C!).,A . 

>--. - '>--c.. = c 'l a ~ C.1.Q'l.+ - -

C A =- o . 

c 2.. = -

-

2- e:., e&es ( U, ~c..) 

~>- E:.ee ( U, '>-c.) 



RECTANGULAR PLATE 
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(~) )\...._\"Q ..... .: t.,._ ("'.) 

(_•~) 
·F ( u(_;•'),, )...(A')) = 0 

N (~(A) .. ).(A) I A) = 0 

L II u (1>) II'" T ~0)" = ,,, (1) 

~------ · 
0 

I 

I U 0 

u 

-kJ.....:,....c.. .... J ,, .... )\.&....._~ (_1 > r'""'" ~) 
t. • 't. 

e ~ i:i~)ll + (A-e)>-0) ""1. 



p =. 
I~ 

lv. ~-~-- )l~ ~t.:~ 
rs~~ Q.:~r-u.. 



1/' S~ne. Je. 6.A <: > ,A~~ ...lL s.....;:V.: 
J.e. t,~,~ e. ~e.. 

-

oA -' """""'-(2 So ~"4--t L..•0 ~ ; 

H (:) "'""' o to 'f ~ e. . 

{ F( i.11 ~'/"') ::: o 

l ~I.I (IA 1 >-.,/A-' ).v- = 0 

pt:~-...... ~~!.:~. 

ft:~ .... ~~· .... . 

- ( ~- 1A0f l.10 + ( 11.;- IJ; )• U-0 ~(A .. - 'J-0 )'>.0 *A/• )i0 -A,AcO 

4-/ No-bA.L J~ ~-~ ... to ... ..,? 



XE [BX IR 

s 
,. Sa 

I(u) 



Cu~,~) 
• I 

Cu~,~) 
• 

\ 

machine I 

~ 
(u~ .~ ) 

! 
(u~ .~ ) 

~ ) 
J. 

l<u~ .~)1 
• 3 

(u~ .AJ'.i ) 

! 
(u~ .\4i ) I (u~ .\4i ) I 

! 
(u~ .~ ) 

GU~·~ ) I 

Cu~,~) ·-

• 

machine 2 

~ 

I (u: ·~ ) I 

I (u~ )~ ) I 

1 '\ I ) (uh ,fl.h 

machine 3 

I (u: ·~ ) I 

I 

~ . . . ~ 

I 

4 '\ 4 ) (uh ,fl.h 

1 'l 1 
(UH ,J~H ) 

~ ', I 
'... ' I 

I 
I 

- -41 
I 

I 

I 
I 

Cu~ ;A~ ) 



l(u) l(u) 

l(u) 



l(u 

p-1(0) 

l(u 



… AND CONCERNING STABILITY 
 

 

 



A SIMPLE STABILITY RESULT 
 

 

 

 



j ~ L.. ;\'"' e =- ~ (e) 

- { ( e, ~) / e = o ,. >.. c.. IR~} 

- { c e, ~)I >- =-

e e 

/ 
/ 

I 

i 



e 
E(e, >..) = ~ ~(..4) J./' + ~L c:.. ..... 9 

.. s,~ 

~ 
I 
I 
I 
I 
I 

-

\~ 

~ <::::. 

~ --
~ > 

0 

1 }t_OM e-kQ_ ~~e...: 

~ <:.. =4> E 
~ee > 0 

~ c:. = > e:., ee - 0 -
~ c.. E , ee <O 

x ' - ---- - ----~ c. 

' ' ' r 
' I 

\ I 
\ I 

\ 

0 
0 0 

/' 
/ 

,, 

I 
I 
I 
I 
I 

' 

~ 

' 

0 

' ' \ 
\ 
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F :: -llol ... Molt+" d~) 

d = &..9 

olA :. lA - P& 
J ~ ::. l.,I + Q 6 

~(u ,e,>-)== ~ [(IA+e9f +(~-ee)~] _. }lLe)t 

+ ;; (L.e).,+ i-(Le)ct-- A(1;1 ... J::!} 
1;, ... J.: loA.&'. .... wi : 

~ -t, .. = o -2. E!.4 - >- :.o 

l "t, e ::::. o : ( ~ E ft-+- 9'.C.:) e + VM L."e\ v. L"'&.,, 
-~L.e =o 

(i..i , e) = { (-fe,o),'V~j 

)... c. ::. 2. e:. p '2. .... l L. '2. 

L 



· ~e 

0 

/ '~ 
/ ' 

/ ' 
/ ' 

/ ' 
/ ', 

--

/ 

9 

0 

W\:::. 0 

n~ o 

0 

.,,. , 
,,,. --

0 

--...... -, 
--c.. ' 
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A COLINTE.R E><.AMPLE 

OF e:r--ae;R-GY C.~ITe:~IOI'\ 

F'Oft lNFtNtTE D\ME.5lONAL- S'Y~TE..MS 

0 

F 
c.. 'I. 

c .. = (~-r ~ }/~ 
l-1 = tf ~(k+ ct)- ~~-d~] - *[tel~ d:)- ~{ ... -c~)J 

=- 0 

"' ..f (!".- a) \-t.- O.- "l.o. 'i-,) 't 
..;• c::&,. 

:· O~A~ct 

~ cc 6 --t. 6 Q.-t 24'q 

c. 0 ~ G\ ~ <~ Q ~ ..-t.. 

a , ...... "~,,{ l-1~ ~ bb~ ~CA..C A.~ ~ p 

At f:: :: ~ I .!~ 0 -e:=. A ~ t. ~ a. 

U: ~$Q'S .1t.7..(2..<;;ca-A.)~(1-A-- ~jG\') 

(~) = -:t. '-"(~'-'-), = 6 ! 
A A- = f ca '":;) f. /fa =- ~ a 
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~ ~ ~ 
' ' I 

' ' \ 
\ \ \ 

\ "-
~c \ 

~ 

9 

& 

1''4, JJ;t.~ e-40 Jt-. ol:\~~·M. '<i. = 0 / 

\..-(2 >O" 
I 
~ 

~ 
~ 
~ 
~ 

~ 

9 



-> 

I 

I 
I 

I 

M-~-.,J ~o-l ~s.?o-;I 

..0 ....... st..('"::..,.: I( 

/ 

,' ~ 
I 

I 
I 

I 
/ 

/ 

0 

d >. 
ole 

& 

= 0 

-

0 
e 

~ ~ ~ "b 

lb 
~c - ~~ - ~ (_>-c. l~I) Q>-21) 
~ 

y1~ 
~c. - ~M - .t ( >. .. I e. I I l~ I -



A:,$ µ..- wt r c'"o "'f) 

* (o, ~) 4i. ... S.o,..s._;-0'4- ...v.:.~o~ .:,..,.f~~··e~ 

L. E..,'-" ( 0_, ~I 0 J ::. 0 

... .3 MW.~J._''-e .,.....,,...,i.; ..... ~..._ ,s,,,.,,le S"° 

r-ri-. ....... -,=-.: ... ol u - ~ v ... vJ "' 

~ w~U. ~ ~ R. I lJ €:. e.A", u.J * (£.. ~ .L. 

3 \ \Af·c e,, >--,"b; == ~ (s; .. >-> -t- o--c~) 

/ 
~2. ~(~) 

-~ _ )\ c. :: . ~ D ( V ) 

).. c. - >-- = ~ :o c v) ) ""' ri1, 
l 4 c,:1tc'l\ J 



--l kc. 'Nt0..7 A-rre.-- .,.. .. ~ ~~.-\ 
~ e ~~ T . )\ ..-4 ~\Ao. e : ~f (-o-) 

1e;(o) = e'(·i) = 0 I 

~ 
~ ). 

:> 1 ... fJi 

~ ON\. Q.r~LG'"'J ~~~- . 
-:.....a:= . 

A l11 
~ 1 ~~ - .~ 

Ci A 

o.'t.,. - 4.. ..,....:.?...._e...... f ~t;....bJ ... ·o<A : 

~ L,. ( w, ).. ) + ~ Lt ( w-) = o 

l ; .c. . 
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cf>(O) 

A+~ 32/3 + ... 
I "'o 

Figure 3. 2 
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Figure 5. 1 

8>0 

01<0 
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<eh 
2 

~ h 
1 

.. 

'e 3 

' ' ' ' ' 

" ,. 

' . ' 
" 

.. .. 
.. ' , , 

I , , , 

The continuous case 

The discrete ca se 

Figure 5 . 3 

7 h ~ discr ete case 

>·i g1.t re 5 . 4 

ll> h 
'" 2 

The c ontinuous case 

~h 
2 



1,0 

0,5 

'/ 
'I- V2 ri 

I 

--- bifurcation point 

movably hinged 

L = 508mm 
R= 5080mm 
h = 6,35mm 

movably hinged 

E = 3,103 kN/mm2 

v = 0,3 

Qo~--~~~~.--~~~~--,.~~~~~--r-~~~~~-r--~ 

0,0 0, 1 0,2 0,3 0.4 v2/mml 

Fig. 14: Bifurcation of axially loaded shallow cylindrical 
shell 
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